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”We anticipated as far as possible
but one cannot forecast the
unforeseeable”
Xynthia’s storm in France, 25 Feb 2010

“ It is impossible that the
improbable never occurs”
Emil Julius Gumbel (1891-1966)
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Oscar Wilde perspective

1 “Man can believe the impossible, but man can never believe the
improbable” Oscar Wilde (Intentions, 1891)

Extreme events ? ... a probabilistic
concept linked to the tail behavior :
low frequency of occurrence, large
uncertainty and sometimes strong
amplitude.

Region of interest
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An example

Air pollutants (Leeds, UK, winter 94-98, daily max) NO vs. PM10 (left), SO2 vs. PM10
(center), and SO2 vs. NO (right) (Heffernan& Tawn 2004, Boldi & Davison, 2007)
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Figure 1: Scatterplots of NO vs. PM10 (left), SO2 vs. PM10 (center), and SO2 vs. NO (right).
The extremes of PM10 and NO appear to have relatively strong dependence, while the extremes of
SO2 and the other two pollutants appear to have much weaker dependence.
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Typical question
What is the probability of observing data in the blue box ?
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A few facts about Extreme Value Theory

An asymptotic probabilistic
concept

A statistical approach for
extrapolation of quantiles

A general framework with “weak”
assumptions (ie no model for the
full data set)

Assessing uncertainties

Applied statistics

Theoritical probability

Non-stationarity

Independence

Univariate

Parametric

Multivariate
Non-parametric
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Historical perspective

Gumbel (1891-1966) Weibull (1887-1979) Fréchet (1878-1973)

Emil Gumbel was born and trained as a statistician in Germany, forced to move to
France and then the U.S. because of his pacifist and socialist views. He was a
pioneer in the application of extreme value theory, particularly to climate and
hydrology.
Waloddi Weibull was a Swedish engineer famous for his pioneering work on
reliability, providing a statistical treatment of fatigue, strength, and lifetime.
Maurice Frechet was a French mathematician who made major contributions to
pure mathematics as well as probability and statistics. He also collected empirical
examples of heavy-tailed distributions.

Other important names : Fisher and Tippet (1928), Gnedenko (1943), etc
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Max-stability

Let Mn = max(X1, . . . ,Xn) with Xi iid with distribution F .

Definition : F max-stable if

P
„

Mn − bn

an
< x

«
= F n(anx + bn) = F (x)

Examples
Unit-Frèchet F (x) = exp(−1/x) for x > 0. Then an = n & bn = 0

Gumbel F (x) = exp(− exp(−x)) for all real x . Then an = 1 & bn = log n

Weibull F (x) = exp(−(−x)α) for x < 0 (1 otherwise). Then an = n−1/α,
bn = 0
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Maxima DistributionGumbel (1891-1966) Weibull (1887-1979) Fréchet (1878-1973)

⇓ ↓ ↑ ⇑ Extrêmes? Mesurer Interpoler Régionaliser 6

Distribution du maximum

Normal density ⇒

Uniform density ⇒

Cauchy density ⇒

⇐ Gumbel density

⇐ Weibull density

⇐ Fréchet density

n = 50 n = 100
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Generalized Extreme Value (GEV) distribution

P
„

Mn − an

bn
< x

«
∼ GEV(x) = exp


−
h
1 + ξ

“x − µ
σ

”i−1/ξ
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From Bounded to Heavy tails

Index
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Intro summary

Modeling maxima : GEV
Stability for the max operator and X0,X1, . . .Xn idd GEV

a max(X1, . . . ,Xn) + b = X

Note : Modeling excedances via Generalized Pareto Distribution
If exceedances (R− u|R > u) follows a GPD(σu, ξ) then higher exceedances
(R− v |R > v) also follows GPD(σu + (v − u)ξ, ξ)
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A few studies linking EVT with geophysical extremes

Special issue of the journal Extremes, 2010
Casson and Coles (1999) a Bayesian hierarchical model for wind speeds
exceedances

Stephenson and Tawn (2005) Bayesian modeling of sea-level and
rainfall extremes

Cooley et al. (2007) a Bayesian hierarchical GPD model that pooled
precipitation data from different locations

Chavez and Davison (2005) GAM for extreme temperatures (NAO)

Wang et al. (2004) Wave heights with covariates

Turkman et al. (2007), Spatial extremes of wildfire sizes

Biodiversity and extreme temperatures, Sang and Gelfand, 2009

Lichenometry, Jomelli et al., 2007

Hydrology Katz et al.

Downscaling Vrac M., Kallache M., Rust H., Friedrichs P., etc

GCMs and RCMS analysis Smith R., Zwiers F., Maraun D., etc
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Limits of the univariate approach

Independence or conditional independence assumptions

Observed BHM with CI assumption

10 20 30 40

1
0

2
0

3
0

4
0

(a)

y

10

20

30

40

50

60

10 20 30 40
1

0
2

0
3

0
4

0
(b)

y

10

20

30

40

50

10 20 30 40

1
0

2
0

3
0

4
0

(c)

y

0

10

20

30

40

50

60

10 20 30 40

1
0

2
0

3
0

4
0

(d)

y

0

20

40

60

Figure 6: Comparison between one realization of the observed field and one realization of the different
models analyzed: (a) observed field; (b) conditional independence model; (c) max-stable hierarchical model
without adjustment; and (d) max-stable hierarchical model with adjustment. The same seed was used for
all the simulations.

The benefit of the max-stable hierarchical model over the conditional independence model is that the

max-stable model is able to account for local dependence. Given only fifty locations in the region, the model

seems to be able to detect the true pattern of local dependence. The 95% credible intervals for the elements

of Σ are (5.39, 8.76), (−1.28, 0.67), (5.58, 8.37) for σ11, σ12, and σ22 respectively, which include the true

values 6, 0, and 6. The fitted max-stable model provides a mechanism for producing realistic draws from the

spatial process. As Figure 6 shows, a draw from the posterior distribution of the conditional independence

model would be inappropriate and unrealistic for spatial phenomena such as rainfall or temperature which

would produce a much smoother surface.

These results are obtained from a (near) perfect model simulation; that is, the max-stable hierarchical

model fitted to the data was nearly identical to that from which the data were simulated. Nevertheless,

this simulation exercise shows that the adjusted max-stable hierarchical model is able both to flexibly model

marginal behavior that captures regional spatial affects and to capture local dependence via the max-stable

process model. In the next section we show that it also seems to perform well on real data.

5 Application

We analyze data on maximum daily rainfall amounts for the years 1962–2008 at 51 sites in the Plateau

region of Switzerland; see Figure 7. The area under study is relatively flat, the altitudes of the sites varying

22

Ribatet, Cooley and Davison (2010)
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Why is Multivariate EVT needed ?
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Why is Multivariate EVT needed ?

Compute confidence intervals

Calculating probabilities of joint extreme events
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A few geophysical applications of Multivariate EVT

Sea surges & river flows (Gumbel conditional regression)
Tawn et al., 2004

Measuring the spatial dependence among rainfall maxima in Bourgogne
(Max-stable processes) :
Naveau & et al., (2009, Biometrika)

Modeling multivariate dependence among pollutants (spectral EVT
measures) :
Cooley, Davis and Naveau (2009, JMVA)

Spatial extremes, Bel, Bacro, Lantujenoul (2010)

Extreme snow, Blanchet et al., 2010
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Mutivariate extremes

A few Approaches for modeling multivariate extremes

Max-stable processes : Adapting asymptotic results for multivariate
extremes
Schlather & Tawn (2003), de Haan & Pereira (2005)

Complete modeling : Auto-Regressive spatio-temporal heavy tailed
processes, Davis and Mikosch (2007), AR-Gumbel Toulemonde et al.
(2009)

Copula approach : uniform marginals with extreme copulas,
Genest et al., Charpentier

Ribatet et al. (2010), Spatial R package for extremes

Pseudo-likelihood inference Padoan, Ribatet and Sisson
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Main question

How to model dependencies among maxima ?
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Choice of marginals : unit-Fréchet

F (x) = exp(−1/x), for x > 0

Fréchet (1878-1973)
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Max-stable processes

Max-stability in the univariate case with an unit-Fréchet margin

F t (tx) = F (x), for F (x) = exp(−1/x)
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Max-stable processes

Max-stability in the univariate case with an unit-Fréchet margin

F t (tx) = F (x), for F (x) = exp(−1/x)

Max-stability in the multivariate case with unit-Fréchet margins

F t (tu, tv) = F (u, v)
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A central question

F (u, v) =?? such that F t(tu, tv) = F (u, v)
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A central question F (u, v) = F t (tu, tv)

Suppose that F (u, v) = exp(−V (u, v)) and let (Xi ,Yi ) iid with distribution
F (u, v) and i = 1, . . . , t

Link with counting processes

P(max Xi ≤ tu,max Yi ≤ tv) = P(∀i = 1, . . . , t ; Xi ≤ tu,Yi ≤ tv),

= F t (tu, tv),

= F (u, v),

= P(Number of points in [u,∞)× [v ,∞)] = 0),

=
(V (u, v))0 exp(−V (u, v))

0!

Interpretation of V (u, v)

It can be viewed as the integrated Poisson intensity of the limit of

Nt (u, v) =
tX

i=1

I [(Xi ,Yi ) /∈ [0, tu)× [0, tv)]
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A central question F (u, v) = F t (tu, tv)

Equivalence between F and V
F (u, v) = F t (tu, tv) is equivalent to V (u, v) = tV (tu, tv)

Pseudo-polar coordinates
The special case r = (u + v) and ω1 = u

r , ω2 = v
r (pseudo-polar coordinates)

gives

F (u, v) = exp
„
−1

r
V (ω1, ω2)

«
The Poisson intensity can be viewed as a product of two independent
components : a radius (strength) and an angular (direction)
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Polar coordinates

2D
r = (u + v) and
ω1 = u

r , ω2 = v
r

3D
r = (u + v + w),
ω1 = u

r , ω2 = v
r , ω3 = w

r
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2D Polar coordinates

2D : INDEPENDENT CASE
r = (u + v) and
ω1 = u

r , ω2 = v
r

2D : COMPLETE DEPENDENCE
r = (u + v) and
ω1 = u

r , ω2 = v
r
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Examples : fitting multivariate maxima

Air pollutants (Leeds, UK, winter 94-98, daily max) NO vs. PM10 (left), SO2 vs. PM10
(center), and SO2 vs. NO (right) (Heffernan& Tawn 2004, Boldi & Davison, 2007)
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Figure 1: Scatterplots of NO vs. PM10 (left), SO2 vs. PM10 (center), and SO2 vs. NO (right).
The extremes of PM10 and NO appear to have relatively strong dependence, while the extremes of
SO2 and the other two pollutants appear to have much weaker dependence.
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Our strategy
1 Assume observations arise from a max-stable process

2 Find and fit a flexible parametric model for the spectral density

3 Two desiderata : (A) interpretable parameters & (B) going beyond the
bivariate case
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Multivariate Max-Stable Distributions (de Haan, Resnick)

If Z = (Z (x1), . . . ,Z (xp))T has a multivariate max-stable distribution with unit
Fréchet margins (P(Z (x i) ≤ z) = exp(−z−1)) then :

G(z) = P(Z ≤ z) = exp[−V (z)], where

V (z) = p
Z

Sp

max
i

„
wi

zi

«
dH(w),

H is a positive measure on Sp, s.t.Z
Sp

widH(w) = 1/p,

and Sp = {w ∈ Rp
+|w1 + . . .+ wp = 1}.
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Models for Multivariate MSD’s

Exponent measure function
V (z)

Spectral density
h(w)

Logistic

Asymmetric Logistic
(Tawn, 88)

Negative Logistic
(Joe, 90)

Dirichlet
(Coles & Tawn, 91)

Dirichlet mixture
(Boldi & Davison, 2006)

Pairwise Beta (Cooley, Davis
and Naveau)

+ Can obtain G(z)

− Overparametrized ?
− Less flexible ?

+ More flexibility ?

− Cannot directly get G(z)
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Dirichlet model (Coles, Tawn, 1991)
R

Sp
widH(w) = 1/p

known MEVD is the logistic (Gumbel, 1960) which has exponent measure function V (z; γ) =
(
∑p

i=1 z
−1/γ
i )γ for 0 < γ ≤ 1. Dependence between the components increases as γ decreases. The

logistic is easy to work with because its exponential measure function is relatively simple and leads
to an easy representation for its angular measure which (if γ "= 1) exists entirely on the interior
of Sp−1. However, because it is characterized by a single parameter γ, in higher dimensions it
is inadequate to model situations where dependence between components differs. As such, it has
primarily been used in bivariate applications (e.g. Smith et al. (1997)).

The asymmetric logistic (Tawn, 1988) and the negative logistic (Joe, 1990) are similar models
which extend the logistic model to allow different levels of dependence between the components.
Both models give explicit definitions for the exponent measure function V (z,θ). One difficulty of
these models is that they have a large number of parameters; in the three dimensional case the
asymmetric logistic has sixteen parameters, twelve of which can be freely chosen. Another potential
limitation of these models is that both achieve the center-of-mass condition by putting mass on the
edges and vertices of the simplex Sp, resulting in a discontinuous angular measure. No asymmetric
parametric model for V (z,θ) has been proposed with a continuous angular measure.

Rather than defining a parametric model for V (z;θ), one can alternatively define parametric models
for the angular density h(w;θ). Coles and Tawn (1991) describe one method of obtaining a model
for h(w;θ). They show that if h∗ is a positive function on Sp−1 with finite first moments mi =∫
Sp−1

wih
∗(w;θ)d(w), then

h(w;θ) =
1
p
(m · w)−(p+1)

p∏

j=1

mjh
∗
( m1w1

m · w
, . . . ,

mpwp

m · w
;θ

)
(11)

is a valid angular density which has all its mass on the interior of Sp−1. In effect, if one thinks of h∗

as a (perhaps unnormalized) density on Sp−1, then (11) alters the density so that it has center of
mass at (1/p, . . . , 1/p) and total mass of 1. Coles and Tawn (1991) used their technique to create
a multivariate extreme value model from the Dirichlet density, a well known density on the unit
simplex which in p-dimensions is parameterized by α = (α1, . . . ,αp)T and whose pdf is given by

h∗(w;α) =
Γ(α · 1)∏p
j=1 Γ(αj)

p∏

j=1

w
αj−1
j , αj > 0, j = 1, . . . , p.

As the Dirichlet density has moments mi = αi/
(∑p

j=1 αj

)−1
, applying (11) one obtains the angular

density

h(w;α) =
1
p

p∏

j=1

αj

Γ(αj)
Γ(α · 1 + 1)
(α · w)p+1

p∏

j=1

( αjwj

α · w

)αj−1

which can be asymmetric.

Compared to the parametric models for V (x,θ), modeling h(w;θ) directly allows for more flexibility
in how the angular measure behaves in the interior of the simplex. Consequently, Coles (1993) found
the Dirichlet model preferable to the logistic and negative logistic models when fitting simulated
spatial rainfall extremes. A disadvantage of the Dirichlet model is that after application of (11),
the angular density’s parameters become largely uninterpretable. Given any model for h(w;θ),
one must perform the integration in (8) to obtain an expression for the extreme value distribution.

7
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edges and vertices of the simplex Sp, resulting in a discontinuous angular measure. No asymmetric
parametric model for V (z,θ) has been proposed with a continuous angular measure.

Rather than defining a parametric model for V (z;θ), one can alternatively define parametric models
for the angular density h(w;θ). Coles and Tawn (1991) describe one method of obtaining a model
for h(w;θ). They show that if h∗ is a positive function on Sp−1 with finite first moments mi =∫
Sp−1

wih
∗(w;θ)d(w), then

h(w;θ) =
1
p
(m · w)−(p+1)

p∏

j=1

mjh
∗
( m1w1

m · w
, . . . ,

mpwp

m · w
;θ

)
(11)

is a valid angular density which has all its mass on the interior of Sp−1. In effect, if one thinks of h∗

as a (perhaps unnormalized) density on Sp−1, then (11) alters the density so that it has center of
mass at (1/p, . . . , 1/p) and total mass of 1. Coles and Tawn (1991) used their technique to create
a multivariate extreme value model from the Dirichlet density, a well known density on the unit
simplex which in p-dimensions is parameterized by α = (α1, . . . ,αp)T and whose pdf is given by

h∗(w;α) =
Γ(α · 1)∏p
j=1 Γ(αj)

p∏

j=1

w
αj−1
j , αj > 0, j = 1, . . . , p.

As the Dirichlet density has moments mi = αi/
(∑p

j=1 αj

)−1
, applying (11) one obtains the angular

density

h(w;α) =
1
p

p∏

j=1

αj

Γ(αj)
Γ(α · 1 + 1)
(α · w)p+1

p∏

j=1

( αjwj

α · w

)αj−1

which can be asymmetric.

Compared to the parametric models for V (x,θ), modeling h(w;θ) directly allows for more flexibility
in how the angular measure behaves in the interior of the simplex. Consequently, Coles (1993) found
the Dirichlet model preferable to the logistic and negative logistic models when fitting simulated
spatial rainfall extremes. A disadvantage of the Dirichlet model is that after application of (11),
the angular density’s parameters become largely uninterpretable. Given any model for h(w;θ),
one must perform the integration in (8) to obtain an expression for the extreme value distribution.

7
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Our Pairwise Beta Model

hp(w ;α,β) = Kp(α)
X
i 6=j

hi,j (wi ,wj ;α, βi,j ), where

hi,j (wi ,wj ;α, βi,j ) = (wi + wj )
(p−1)(α−1)(1− (wi + wj ))α−1 ×

Γ(2βi,j )

(Γ(βi,j ))2

„
wi

wi + wj

«βi,j−1„ wj

wi + wj

«βi,j−1

Advantages :

no adjustment necessary to get center of mass conditionR
wjdH(w) = 1/p

parameters have some interpretation : α controls overall dependence,
βi,j ’s control pairwise dependence

largely specified by pairwise parameters

Middle ground between Coles & Tawn (1991) and Boldi & Davison (2007)
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Pairwise Beta Models

α = 1, β = (2,4,15) α = 4, β = (2,4,15)

α = 1, β = (2, .5, .5) α = 1, β = (2,2, .5)

11
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Fitting the spectral density model

Beirlant at al., (2004), Coles & Tawn (2004), Boldi & Davison (2007)

(a) have common marginals with unit tail index
(b) transform into polar coordinates and select exceedances above t0
(c) maximize the likelihood

dependence in the model and each of the βi,j parameters controls the level of dependence between
the ith and jth components of the random vector. The factor Kp(α) is a normalizing constant.

Figure 2 shows four examples of angular measures given by the three-dimensional pairwise beta
model. The top left figure has parameters α = 1 and β = (2, 4, 15), and the angular measure clearly
shows strong dependence between the second and third components due to the large value of β2,3.
The top right figure increases the global parameter (α = 4) while leaving the β values unchanged,
and one can see how the mass of the angular measure is pulled to the center of the simplex. The
lower left shows a plot where the global parameter is small (α = 7/12) but one still sees that
there is still relatively strong dependence between the second and third components, as the mass
is either located near the point (1,0,0) or near (0,1/2,1/2). The lower right plot has α = 1 and
β = (2, 2, 1/2) and the low value for β2,3 drives the mass of the angular measure to the boundaries
indicating that large values of components two and three are unlikely to occur at the same time.

4 Estimation Procedure

Fitting a model for an angular density is a relatively straightforward exercise. Given a set of iid
observations yi, i = 1, . . . , n, one first fits distributions to the marginals, and then transforms
zi = T (yi) to have a common marginal with tail index α = 1. One then makes a further trans-
formation to pseudo polar coordinates yielding points (ri,wi) where ri = ‖zi‖ and wi = zi‖zi‖−1.
A high threshold t0 is selected and the points {(ri,wi), i = 1, . . . , n : ri > t0} are retained. Let
(r(i),w(i)), i = 1, . . . , Nt0 denote the reindexed threshold exceedances. Given that t0 is large enough,
we assume that the points (r(i),w(i)) approximately follow a Poisson process with intensity measure
ν given in (3). Letting A = {(r,w) : r > t0} the approximate likelihood (Beirlant et al., 2004, pp.
170-171) of the points (r(i),w(i)), i = 1, . . . , Nt0 is given by

L(θ; (r(i),w(i)), i = 1, . . . , Nt0) ≈ exp(−ν(A))
Nt0∏

i=1

dν(r(i),w(i)) = exp(−t−1
0 )

Nt0∏

i=1

r−2
(i) h(w(i),θ),

where h(w;θ) is any parametric model for the angular measure. To find θ which maximizes
this likelihood, we need to only note that L(θ; (r(i),w(i)), i = 1, . . . , Nt0) ∝

∏Nt0
i=1 h(w(i),θ). The

estimate θ̂ can then be found via numerical optimization. This estimation procedure was used
by both Coles and Tawn (1994) and Boldi and Davison (2007). Since the pairwise beta angular
measure is a smooth function of α ∈ (0,∞) and β ∈ (0,∞)(

p
2) and has bounded support on the

unit simplex Sp−1, if one assumes the marginals distribution is known, standard asymptotics hold
for the maximum likelihood estimators α̂, β̂.

To test the estimation procedure for this model, a simulation exercise was performed. For each
simulation, two hundred realizations of angular components wi were generated according to the
pairwise beta angular measure via an accept-reject algorithm. For the simulation, the parameters
of the pairwise beta were set at α = 1,β = (2, 4, 15). These realizations of the angular components
wi were assumed to correspond with realizations of zi with large radial components. The pairwise
beta model was then fit via the method described above. This experiment was repeated 1000
times and the maximum likelihood estimates were recorded. Typically, the angular measure only

9
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Air pollutants example

α β1,2 β1,3 β2,3

value 1 2 4 15
mean 1.018 2.119 4.233 15.707

asymp SE 0.091 0.428 1.196 4.699
SD of ests 0.103 0.586 1.380 5.023

Table 1: Summary of the pairwise beta simulation results. Table gives the true values of the
parameters, the mean of the MLE estimates for the 1000 simulations, the standard error of the
estimates suggested by the asymptotics, and the sample standard error of the estimates. The means
of the estimates are slightly larger than the actual parameter values and the sample standard errors
are slightly larger than the asymptotic estimates; both results are presumably due to the skewness
seen in Figure 3.

α β1,2 β1,3 β1,4 β1,5 β2,3 β2,4 β2,5 β3,4 β3,5 β4,5

– PM10, NO PM10, NO2 PM10, O3 PM10, SO2 NO, NO2 NO, O3 NO, SO2 NO2, O3 NO2, SO2 O3, SO2

0.31 4.04 29.69 0.33 0.81 3.51 0.34 0.53 0.61 0.45 0.33
(0.002) (0.139) (1.222) (0.006) (0.026) (0.119) (0.006) (0.014) (0.013) (0.011) (0.006)

Table 2: Maximum likelihood parameter estimates for the five-dimensional air quality data for the
pairwise beta model. The largest βi,j values correspond to the PM10, NO, and NO2 components
as expected. Standard errors are in parentheses.

Pairwise Beta Dirichlet
L(θ) k AIC L(θ) k AIC

Nt0 = 750 2430.53 11.00 -4839.06 2134.90 5.00 -4259.80
Nt0 = 500 1625.37 11.00 -3228.74 1367.97 5.00 -2725.94
Nt0 = 250 809.65 11.00 -1597.31 640.95 5.00 -1271.89

Table 3: The log-likelihood (L(θ)), the number of parameters (k), and AIC values for the pairwise
beta and Dirichlet models as fit to the five locations of simulated spatial fields. Results are for
750, 500, and 250 exceedances which correspond to the empirical 85%, 90%, and 95% quantiles of
the radial components for the five locations of the 5000 simulated fields. The AIC shows that the
pairwise beta model outperforms the Dirichlet model for this spatial data.

Parameter α β1,2 β1,3 β1,4 β1,5 β2,3 β2,4 β2,5 β3,4 β3,5 β4,5

Distance – 3.6 7.0 7.0 7.6 5.8 10.2 11.2 9.9 12.2 3.0

Nt0 = 750 2.768 104.839 76.738 45.359 26.345 146.693 35.203 0.460 125.245 0.594 83.847
(0.007) (1.793) (2.482) (0.663) (0.333) (1.758) (0.773) (0.002) (2.106) (0.004) (0.927)

Nt0 = 500 2.728 69.833 77.015 58.073 34.316 166.202 39.910 0.410 88.986 0.502 96.320
(0.011) (1.263) (2.522) (1.109) (0.767) (3.180) (1.108) (0.003) (2.300) (0.005) (1.862)

Nt0 = 250 2.508 91.977 41.819 77.150 27.154 135.569 75.131 0.315 82.537 0.398 74.703
(0.022) (4.743) (2.449) (4.081) (0.951) (5.471) (15.200) (0.004) (7.069) (0.007) (2.440)

Table 4: Gives the maximum likelihood parameter estimates for the pairwise beta model as fit to
the five observed locations from the simulated fields. Standard errors are in parentheses. Larger
values of βi,j correspond to pairs of points with shorter distances.
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Figure 1: Scatterplots of NO vs. PM10 (left), SO2 vs. PM10 (center), and SO2 vs. NO (right).
The extremes of PM10 and NO appear to have relatively strong dependence, while the extremes of
SO2 and the other two pollutants appear to have much weaker dependence.
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Figure 4: Left plot shows the angular components of the largest 100 observations of the trivariate
air quality data. The lower right corner corresponds to large values of PM10 and small values of
NO and SO2. The upper corner corresponds to large values of NO, and the lower left corresponds
to large values of SO2. As points tend to lie along the hypotenuse of the triangle and in the lower
left corner, this indicates that large values of PM10 and NO tend to occur together, while large
values of SO2 occur independently. The center plot shows the log density of the fitted pairwise
beta model, while right plot shows the log density of the fitted Dirichlet model.
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100 largest observations.
corners= PM10 (lower right), NO (upper left), SO2 (lower left)
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Prediction : Approximating the conditional density ?Approximating the conditional density?

Given the radius is large, by knowing the values of the spectral
density at Z∗

‖Z∗‖1
and the value of the “radius” ‖Z∗‖1, we can

approximate the values of the joint density and in turn the
conditional density.

13

If V (z) is known and differentiable, then joint density can be obtained exactly.
However, we are modeling h(w). Assume Z1,Z2 are observed and Z0 is
unobserved. Any predictor Z ∗0 will yield a point Z∗ = (Z ∗0 ,Z1,Z2) which can
be mapped back to Sp as Z ∗

‖Z ∗‖1
.
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Approximating the conditional density ?

If V (z) = µ{(0, z]c} is small (i.e. the radius is large), then

G(z) = exp(−V (z)) ≈ 1− V (z).

Using Coles and Tawn (91) result to estimate the density at z :

g(z) ≈ ∂

∂z1, . . . , ∂zp
[1− V (z)] =

1
||z||−(p+1)

h
„

z
||z||

«
So conditional density can be approximated by

gZp|Z1,...Zp−1 (zp|z1, . . . , zp−1) ≈
1

||z ||−(p+1) h
“

z
||z ||

”
R∞

0
1

||z∗||−(p+1) h
“

z∗
||z∗||

”
dζ

where z∗ = (z1, . . . , zp−1, ζ).
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Approximating the conditional density ?

Three realizations from a trivariate symmetric logistic distribution.
True conditional density (solid line) and approximated conditional density (dotted line)

Figure 3: Three realizations from a trivariate symmetric logistic distribution. The solid curve is
the actual conditional density of the third component given the first two, and the dotted curve
is the approximated conditional density from (14). The left figure shows the realization z =
[0.56, 0.63, 0.41]; (‖z‖ = 1.60), the center shows z = [2.35, 1.14, 2.49]; (‖z‖ = 5.98), and the right
shows z = [13.17, 50.04, 7.67]; (‖z‖ = 70.88). One can clearly see that the approximation improves
with ‖z‖.

Figure 4: Histogram of which decile of the approximated conditional density the hidden observation
occured. Histogram shows the results of the largest (as measured by the sum of the observed
components z1 + z2) 3500 of 10000 simulated trivariate logistic random variables. All realizations
in the histogram had z1 + z2 > 5.
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||z|| = 1.6 ||z|| = 6 ||z|| = 71
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Summary of our spectral approach

“Simple” and flexible spectral density with interpretable parameters

Can be used for prediction or interpolation purposes

Can be generalized (Ballani, Schlather, 2010)

Can be extended to the asymptotic independent case (Qin, Smith, Ren,
2008)
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Take home messages

Multivariate EVT may help characterizing extremes dependencies in
space and time

Physical knowledge should be integrated into the statistical analysis

Computational issues can be arisen quickly

Modeling trade off between parametric and non-parametric approaches

Asymptotic independence can be an issue

Extremes here means very rare

Two advertisements
Extreme Value Analysis (EVA, Lyon June 27th to July 1st, 2011)

Environmental Risk and Extreme Events, Workshop, Ascona, July 10-15
2011
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An example with α = 1, β = (2, 4, 15)
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Figure 2: Four examples of the pairwise beta density. The lower right corner corresponds to the
probability that the first element of the random vector is large while the other two are small.
The upper and lower left corners correspond to the second and third elements being large. The
parameter values for the top left figure are α = 1, β = (2, 4, 15). One sees in the plot that the
second and third components are likely to be large at the same time, due to parameter β2,3 = 15.
The parameters for the other plots are α = 4, β = (2, 4, 15) (top right), α = 7/12, β = (2, 4, 15)
(bottom left), and α = 1, β = (2, 2, 1/2) (bottom right).
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An example with α = 1, β = (2, 4, 15) (. . . = asymptotic mle) 200 real * 1000
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Figure 3: Density estimates from 1000 simulations, each consisting of 200 realizations of the pairwise
beta angular measure with parameters α = 1, and β = (2, 4, 15). All figures show that the maximum
likelihood estimators for Nt0 = 200 appear to have a distribution with mean and mode near the
actual parameter value and are approaching normality, although all appear to be slightly positively
skewed. Dashed line is the (numerically obtained) normal distribution suggested by the asymptotics
for MLE’s with Nt0 = 200.
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A main random variable of interest : precipitation

1 Relevant parameter in meteorology and climatology

2 Highly stochastic nature compared to other meteorological parameters
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Kharin and Zwiers, Journal of Climate 2007, P20 (1981-2000)
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Estimating the GPD parameters estimates (σ̂u, ξ̂)

Maximum likelihood estimation

Methods of moments type (PWM and GPWM, Ribereau et al., 2010)

Exhaustive tail-index approaches

MCMC techniques

Taking advantages of the stability property

Mean Excess function

E(R− u|R > u) =
σu + uξ
1− ξ

the scale parameter varies linearly in the threshold u

the shape parameter ξ is fixed wrt the threshold u


	Motivation
	Basics
	Applic
	Max-stable
	Spectral
	Prediction
	Conclusion

