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Exponential Maps

0 // Z // C
exp
// C× // 1

Let E be a complex elliptic curve.

0 // Z2 // C
exp
// E(C) // 0
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TE

0 // Z2 // C
exp
// E(C) // 0

Assume
I E is over a number field k0

I End(E) ∼= Z.
Language and first order theory TE :

I Two sorts: V
exp
// E .

I V =
〈
V ; +, (q·)q∈Q

〉
, Q-vector space.

I On E : relation for each k0-Zariski-closed subset of
En; ∅-bi-interpretable with ACFk0 .

I exp : 〈V ; +〉 exp
// // 〈E ; +〉 surjective homomorphism.
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T Z2

E

Add constants ω1, ω2 and the Lω1,ω axiom:

(ω1, ω2) is a Z-basis of ker(exp). (ker ∼= Z2)

Let T Z2

E := TE ∪ {(ker ∼= Z2)}.

Remark

If A ≤M |= T Z2

E and A = 〈V (A)〉M

I ker ≤ V (A) ≤div V (M)

I Tor(E) ≤ E(A) = exp(V (A)) ≤div E(M).
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Categoricity

Theorem (B, Gavrilovich, Zilber)

SupposeM1,M2 |= T Z2

E , and suppose
I 〈∅〉M1 ∼= 〈∅〉M2

I dim(E(M1)) = dim(E(M2))

ThenM1
∼=M2.

Remark

Only finitely many isomorphism types for 〈∅〉M.
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Independent Systems

LetM |= T Z2

E .
I Field-theoretic acl induces a closure operator cl
I clM(A) �M
I clM induces a pregeometry on V (M).
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Definition

Let N := {0, . . . ,N − 1} ≥ 0. A system
(Ms)s⊆N of submodels of a model
M |= T Z2

E is an independent system iff
I Ms ^

Ms∩t

Mt

I Ms = clM(
⋃

i∈sMi)
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Thumbtack Lemma

Theorem (Thumbtack Lemma)

I (Ms)s⊆N an independent system of submodels of
M |= T Z2

E , N ≥ 0

I H :=
〈⋃

s(NMs

〉M
I H ≤fg A ≤M

Then there exists a basis a of A over H such that

qftp(exp(a)/exp(H)) |= qftp(a/H).

qftp((exp( a/n))n∈N/exp(H)) |= qftp(a/H),

so the condition on a is equivalent to: for each m, all
m-division points of exp(a) are field-conjugate over
k0(exp(H),exp(a)).
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Corollary of Thumbtacks

Corollary

I (Ms)s⊆N an independent system of countable
submodels ofM |= T Z2

E , N ≥ 0

I H :=
〈⋃

s(NMs

〉M
I H ≤fg A ≤M

Then any embedding

σ : A �
�

//M′ |= T Z2

E

extends to an isomorphism

clM(A)
∼=
// clM

′
(σA) .



Proof of Theorem 1

SupposeM1,M2 |= T Z2

E , and suppose
I 〈∅〉M1 ∼= 〈∅〉M2

I dim(M1) = dim(M2)

Let (αj
i )i∈I enumerate a cl-basis ofMj .

For s ⊆ I, let Aj
s := clMj ((αj

i )i∈s).
By the Corollary (N = 0,A = H = A1

∅), exists

σ∅ : A1
∅
∼=
// A2
∅ .

By the Corollary (N = 1,A =
〈
A1
∅, α

1
i
〉M1), for i ∈ I exists

σ{i} : A1
{i}

∼=
// A2
{i}

extending σ∅ such that σ{i}(α1
i ) = α2

i .



Proof of Theorem 1 contd

Now suppose s ⊂fin I and for t ( s we have

σt : A1
t
∼=
// A2

t , agreeing on intersections. Then by
N-uniqueness for ACF0,〈⋃

t(s σt

〉
:
〈
(A1

t )t(s
〉M1 ∼=

//

〈
(A2

t )t(s
〉M2 ,

which by the Corollary (N = |s|, A = H =
〈
(A1

t )t(s
〉M1 )

extends to
σs : A1

s
∼=
// A2

s .

So
σ :=

⋃
s⊂finI σs :M1

∼=
//M2 .



Thumbtack Lemma Again

Lemma (Thumbtack Lemma)

I (Ms)s⊆N an independent system of submodels of
M |= T Z2

E , N ≥ 0

I H :=
〈⋃

s(NMs

〉M
I H ≤fg A ≤M

Then there exists a basis a of A over H such that

qftp(exp(a)/exp(H)) |= qftp(a/H).

The condition on a is equivalent to: for each m, all
m-division points of exp(a) are field-conjugate over
k := k0(exp(H),exp(a)). In particular, the subgroup
generated by exp(a) is pure in E(k).
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Proof of the Thumbtack Lemma

Theorem

Let k be a finitely generated extension of k0(exp(H)).
Then

E(k)/exp(H)

is locally free.

Remark

I Locally free means: pure hull of any finitely
generated subgroup is finitely generated.

I The Thumbtack Lemma then follows via Kummer
theory.



Sketch Proof of E(k)/G locally free

Let G := exp(H). Proceed by induction on N. N = 1: By
Lang-Néron, E(k)/G is even finitely generated.
Consider case N = 3. We have the independent system
of algebraically closed fields:

L{0}

L{0,2}

55
55

55
55

55
55

5

L3

L{1}

L{0,1}

													

L{1,2}
L{2}

and k = L{0,1}L{1,2}L{0,2}(β) say. We
may assume β ∈ L3.
Let b ∈ E(k)n.

Lemma

There exists k1 ≥fin L{0,1}L{0,2}(β,b) and a place
π : L3 →L{1,2} L{1,2} such that

I πk1 ⊆ k1

I π(L{0,1}L{0,2}) = L{1}L{2}



Sketch Proof of E(k)/G locally free contd

Lemma

pureHullE(k)(E(k1)) = pureHullE(k1)+E(L{1,2})(E(k1)).

pureHull E(k)/G
(
〈

b/G

〉
) = pureHullE(k)(〈b〉)/G

=
pureHullE(k1)+E(L{1,2})(〈b〉)

/G

≤ pureHullE(k1)(〈b,π(b)〉)/G

(since if m(αk1 + αL{1,2}) ∈
〈
b
〉
, then

γ := (αk1 + αL{1,2})− π(αk1 + αL{1,2}) = αk1 − παk1 ∈
pureHullE(k1)(

〈
b, πb

〉
), and γ = αk1 + αL{1,2} mod G.

So subgroup of quotient of
pureHullE(k1)(〈b,πb〉)/E(L{1})+E(L{2}), which is f.g. by induction,
so f.g.



Theorem

Let k be a finitely generated extension of k0(exp(H));
suppose a is simple in E(k).
Then the left image of the k̄/k-Kummer-Tate pairing,

Z :=
〈
Gal(k̄/k),a

〉k̄/k
∞ ≤ T n,

is of finite index in T n.

Where T ∼= Ẑ2 is the product of the Tate modules, and

〈·, ·〉k̄/k
∞ : Gal(k̄/k)× E(k) → T

; (σ, a) 7→ (σ( 1
n a)− 1

n a)n.


