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Exponential Maps

Let E be a complex elliptic curve.
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\

0 > 72 > C » E(C) >0




Assume
» E is over a number field kg
» End(E) = Z.



Assume
» E is over a number field kg
» End(E) = Z

Language and first order theory Tg:
» Two sorts: V& E.

» V =(V;+,(g")qeq), Q-vector space.

» On E: relation for each ky-Zariski-closed subset of
E": @—bi—interpretable with ACFo.

» exp: (V +> (E +) surjective homomorphism.



Z2

Add constants w1, w» and the L, ., axiom:
(w1, wn) is a Z-basis of ker(exp). (ker = 72)

Let TZ* := Tg U {(ker = Z2)}.



Z2
TE

Add constants w1, w» and the L, ., axiom:
(w1, wn) is a Z-basis of ker(exp). (ker = 72)
Let TZ* := Tg U {(ker = Z2)}.

Remark
f A< M TE and A= (V(A)M
> ker < V(A) <av V(M)
» Tor(E) < E(A) = exp(V(A)) <giv E(M).



Theorem (B, Gavrilovich, Zilber)

Suppose M1, M5 = T2, and suppose
> (0 = ()
> dim(E(My)) = dim(E(Mz))

Then M4 = Mo.



Theorem (B, Gavrilovich, Zilber)
Suppose M1, M5 = T2, and suppose
UM
> dim(E(My)) = dim(E(Mz))
Then My = M.

Only finitely many isomorphism types for ().
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Independent Systems

Let M = TZ.
» Field-theoretic acl induces a closure operator cl
> cM(A) = M
» c™ induces a pregeometry on V(M).



Independent Systems

Let M = TZ.
» Field-theoretic acl induces a closure operator cl
> cM(A) = M
» c™ induces a pregeometry on V(M).

o

Let N:={0,...,N—1} > 0. A system

M1y Moz (Ms)sggzgf submodels of a model _
Ms M |= TE is an independent system iff
M M > Ms J/ Mt
AL ViR Mnt

> Ms = ClM(Uies M)



Thumbtack Lemma

Theorem (Thumbtack Lemma)

» (Ms)scn an independent system of submodels of
METE,N>0

M
> H:= <UsgNMS>

Then there exists a basis a of A over H such that

aftp(exp(a)/ exp(H)) & gftp(a/H).



Thumbtack Lemma

Theorem (Thumbtack Lemma)

» (Ms)scn an independent system of submodels of
METE,N>0
M
> Hi= <UsgNMS>
> H ng A<M
Then there exists a basis a of A over H such that

aftp(exp(a)/ exp(H)) & gftp(a/H).

aftp((exp(/n))nen/ exp(H)) = dftp(a/H),

so the condition on a is equivalent to: for each m, all
m-division points of exp(a) are field-conjugate over

ko(exp(H), exp(a)).



Corollary of Thumbtacks

> (Ms)scn an independent system of countable
submodels of M = TZ, N >0

M
> Hi= (Usgn Ms)
> H ng A < M

Then any embedding

0 A M = TE
extends to an isomorphism

cM(A) —— cM (0 A) -



Proof of Theorem 1

Suppose My, M> = TZ, and suppose
> (0 = (o)
> dim(M1) = dim(Mg)
Let (a{),-el enumerate a cl-basis of M;.
For s C I, let A, := c™((a)ics)-
By the Corollary (N = 0, A = H = A}), exists

op Aa) =5 A% .
By the Corollary (N =1,A = (Al, o] >M‘), for i € I exists
= o
oy - Ay — Al

extending oy such that oy (o)) = o?.



Proof of Theorem 1 cont?

Now suppose s Csi, [ and for t C s we have
ot : Al i>A$ , agreeing on intersections. Then by
N-uniqueness for ACFy,

<Uf§s Uf> (ADcs) T = (A)ics)™® .

which by the Corollary (N = [s|, A= H = <(A;)th>M1 )
extends to
o5 AL —— A2
So
o= USCfin/US . M1 ;)Mz '



Thumbtack Lemma Again

Lemma (Thumbtack Lemma)

> (Ms)scn an independent system of submodels of
METE,N>0
M
> H:= <UsgN Ms>
» H ng A < M
Then there exists a basis a of A over H such that

aftp(exp(a)/ exp(H)) = aftp(a/H).

The condition on ais equivalent to: for each m, all
m-division points of exp(a) are field-conjugate over
k := ko(exp(H), exp(a)).



Thumbtack Lemma Again

Lemma (Thumbtack Lemma)

> (Ms)scn an independent system of submodels of
METE,N>0
M
> Hi= (Usgn Ms)
» H ng A < M

Then there exists a basis a of A over H such that

aftp(exp(a)/ exp(H)) = aftp(a/H).

The condition on ais equivalent to: for each m, all
m-division points of exp(a) are field-conjugate over
k := ko(exp(H),exp(a)). In particular, the subgroup
generated by exp(a) is pure in E(k).



Proof of the Thumbtack Lemma

Let k be a finitely generated extension of ky(exp(H)).
Then

E(k)/exp(H)

is locally free.

» Locally free means: pure hull of any finitely
generated subgroup is finitely generated.

» The Thumbtack Lemma then follows via Kummer
theory.



Sketch Proof of E(%)/; locally free

Let G := exp(H). Proceed by induction on N. N = 1: By
Lang-Néron, E()/ 5 is even finitely generated.
Consider case N = 3. We have the independent system

of algebraically closed fields:
Loy

Loty Lio2} and k = L{071}7L{1’2}L{0,2}(B) say. We
L3 may assume (3 € Ls.
Let b € E(k)".

Lygy —— |
{1} 2}
Lirzy

Lemma

There exists ki >, L{071}L{072} (B, B) and a place
7L —f L1 2y such that

> 7Tk1 C k1
> m(Lio,13L102}) = LinyLizy



Sketch Proof of £/ locally free cont?

Lemma

pUreHU”E(k)(E(k1)) = pUreHUIIE(k1)+E(L{1,2})(E(k1 ))

pureHull E(k)/e(< B/G>) — pureHullggq (b)) -

B pureHuIIE(k1)+E(L{172})(<b>)/

G
< pureHuIIE(k1)((B,w(5)>)/G

(since if m(ay, +ar,,,) € (b), then

V= (kg +ong,) — ok +ary,,) = ag — To, €
pureHuIIE(k1)(<E, b)), and v = oy, + agg,,, mod G.

So subgroup of quotient of

pureHuleg) (0m0)) /1 ) E(L ) Which is £.g. by induction,
so f.g.



Theorem

Let k be a finitely generated extension of ky(exp(H));
suppose a is simple in E (k).
Then the left image of the k /k-Kummer-Tate pairing,

Z .= (Gal(k/k),a)"/* < T,

is of finite index in T".

Where T 2 72 is the product of the Tate modules, and

(KK Gal(k/k) x E(k) — T
. (e = (o(ta) - tan



